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We study the practicability of achieving quantum anomalous Hall (QAH) effect with field-tunable Chern
number in a magnetically doped, topologically trivial insulating thin film. Specifically in a candidate material,
TlBi(S1−δSeδ)2, we demonstrate that the QAH phases with different Chern numbers can be achieved by means
of tuning the exchange field strength or the sample thickness near the Z2 topological critical point. Our physics
scenario successfully reduces the necessary exchange coupling strength for a targeted Chern number. This QAH
mechanism differs from the traditional QAH picture with a magnetic topological insulating thin film, where the
“surface” states must involve and sometimes complicate the realization issue. Furthermore, we find that a given
Chern number can also be tuned by a perpendicular electric field, which naturally occurs when a substrate is
present.
PACS numbers: 73.43-f, 73.20-r, 75.50.Pp, 73.63.-b
I. INTRODUCTION
Topological insulators (TIs) belong to a new phase of mat-
ter with their topological nature protected by time reversal
symmetry (TRS)1–3. Usually, spin-orbit coupling (SOC) plays
a key role to “twist” the Bloch wavefunctions in the first Bril-
louin zone of the solids and such a twist can be characterized
by a Z2 number. Materials with a non-trivial Z2 number, such
as Bi2X3 (X = Se, Te)4–8, have attracted strong interest in re-
cent years due to their unusual spin-momentum locked, mass-
less Dirac-like boundary states with potential for spintronic
applications9–11 and realizing other exotic phenomena origi-
nally appeared in high energy physics12–17.
Moreover, the TIs host variety of other topological phases.
One of the significant examples with broken TRS is the quan-
tum anomalous Hall (QAH) effect18,19. This effect is first
proposed by Haldane in a two-dimensional (2D) honeycomb
lattice with locally non-vanishing magnetic flux but zero in
average20. Similar to the integer quantum Hall effect, it can
exhibit the quantized Hall conductance, C e
2
h , through gapless
edge channels with an integer number C (the so-called Chern
number21) indicating its non-trivial bulk topological property
without Landau levels. The existence of the edge channels
makes it even more attractive due to its predicted applications
for dissipationless electronics and integrated circuits19,22. So
far, without using TIs, several approaches have been proposed
to realize QAH state, for instance, via mainly band structures
like in the mercury-based quantum wells with ferromagnetic
(FM) order23 and in graphene with Rashba interactions and
the exchange field24; via electron-electron interactions like
in transition metal oxide heterostructures25, nearly flat band
systems26, and quadratic band-crossing systems27,28; via dis-
order effect in Anderson insulator29. However, they have not
yet been measured by experiments.
By contrast, the QAH phases can also be realized by using
the TIs as a platform. Theoretically, the QAH effect can be
achieved either by gapping out the surface states of the three
dimensional (3D) TIs19 or by inserting ferromagnetically or-
dered dopants in the TI thin films22,30,31, referring to the same
mechanism: the spin-polarized band inversion from the in-
terplay between the FM ordering and the SOC in the TIs.
Recently, breakthrough experiments have realized the QAH
phase with C = 1 in a magnetic TI thin film of Cr-doped
(Bi,Sb)2Te322,30,31 and with a large Chern number in bosonic,
photonic crystals32. Hence, these significant results are mo-
tivation to disclose these following questions for fermionic
systems: 1) How to obtain a QAH phase with higher Chern
number? 2) Is it possible to tune the Chern number by other
perturbations? 3) Is measuring the magnetic TI thin films a
key component to obtain QAH effect?
In this paper, we provide an alternative route, compared
to the previous studies33,34,37, to answer the aforementioned
questions. We show the feasibility of exhibiting QAH ef-
fect with field-tunable Chern number in a magnetically doped,
topologically trivial insulating thin film, in proximity to the
Z2 topological critical point35. Specifically, we will focus on
a candidate compound, TlBi(S1−δSeδ)2, for its tunable prop-
erty from a trivial insulator to an non-trivial one by changing
the chemical composition36. Although the microscopic mech-
anism to realize the QAH phases is still the same as the mag-
netically doped TIs, our scenario further offers a few attractive
features to achieve higher Chern number: (1) Making the sys-
tem close to the Z2 critical point lowers the threshold value
of the exchange field to induce the high order spin-polarized
band inversion; (2) we start with a trivially insulating thin
film, in sharp contrast to previous studies. As a result, all
2D-like subbands have bulk nature and it has advantages to
avoid the treatment for the sample surfaces, usually exposed
to complex environment; (3) we also suggest an implementa-
tion of the potential gradient or the dielectric substrate to re-
duce the critical value of the exchange field. This has not yet
been explored in previous related studies. Therefore, in brief,
our work strongly suggests that the trivial insulating thin film
with sufficiently large SOC can provide a unique platform to
exhibit QAH effect with high Chern number.
The remainder of this paper is organized as follows. In sec-
tion II, we introduce our effective model for the thin films
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2and the methods for demonstrating the topological proper-
ties of the system. In section III, in the absence of any ex-
change/electric field we discuss electronic properties of the
effective model with an emphasis on its tunable topological
phase transition by the inter-layer tunneling parameter. In sec-
tion IV, we present our scenario to achieve the QAH effect
via tuning either an exchange field or a perpendicular electric
field. Lastly, we give a brief conclusion in section V.
II. MODEL AND METHOD
Many of the usual 3D TI materials are layered materials.
For example, Bi2Se3 can be viewed as consisting of Se-Bi-
Se-Bi-Se quintuple layers stacked along [111] (z) direction.4,5
This picture is also applicable for our focused, Tl-based com-
pounds TlBi(S1−δSeδ)2, in which the layer unit becomes Tl-
(Se,S)-Bi-(Se,S).36,38 When they are confined along z direc-
tion to be thin films, the underlying mechanism for the ground
state to becoming topologically non-trivial could be more in-
sightful if one considers each one-unit-cell layer as a build-
ing block and then couples them with nearest-neighbor inter-
layer hopping39,40. As a representative sample to achieve the
QAH effect, we start with an effective one-unit-cell layer k ·p
Hamiltonian Hl around Γ point,
Hl =

k2
2m vk+ Dk 0
vk− k
2
2m 0 Dk
Dk 0
k2
2m −vk+
0 Dk −vk− k22m
 , (1)
where the basis vector for lth layer is taken to be φ†lk =
[a†lk↑, a
†
lk↓, b
†
lk↑, b
†
lk↓] with a and b operators corresponding to
local pz orbitals of Se or S residing on the top and bottom unit
layer hybridized with neighboring atomic orbitals within it. k
denotes a 2D momentum with magnitude k =
√
k2x + k
2
y and
k± = kx ± iky; m represents the fermion effective mass and
v is determined by the SOC. The presence of Dk = d + k
2
md
in Hl is due to the non-vanishing overlap between the top and
the bottom orbitals within the layer. The structure of Hl can
be clearly understood as two coupled Rashba systems (with
opposite chiralities), which preserves both TRS and inversion
symmetry (IS), forming a key component in TI thin films.
To obtain the full Hamiltonian H for the thin films, we
then stack each quintuple layer along z direction by coupling
nearest-neighbor layers with a finite, spin-non-flip tunneling
term T as follows
H =

H1 T 0 · · ·
T † H2 T · · ·
0 T † H3 · · ·
...
...
...
. . .
 , (2)
where
T =
 0 0 0 00 0 0 0tz 0 0 0
0 tz 0 0
 . (3)
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FIG. 1: (Color online) The schematic energy spectra of the thin film
model around Γ point from a trivial insulator (a) to a Z2 TI (b) with
two types of energy scales: the system band gap Eg and the energy
difference between neighboring bands ∆i. The positive integer num-
bers without (with) prime denote conduction (valence) bands. “0”
and “0′” denote bands with surface nature. (c) The calculated Eg
and ∆i as a function of tz . tzc is found to be 0.22 eV here. (d) The
band gap Eg of the thin film at tz = tzc as a function of the number
of layers Nl. (e) The wave function distribution |Φ|2 at Γ point as a
function of l for the lowest three conduction bands in anNl = 20, Z2
TI thin film with tz = 0.23 eV (l is the layer index). Other numerical
parameters are given in the main text.
Note that the tunneling between top and bottom positions
of the two adjacent layers is tz . The real-space coordinates
in z direction are positive integers with each number corre-
sponding to lth layer. This model is seen to correctly give
the spin texture for the surface Dirac cone states in Bi2Se3
and has been applied to transport simulations of a TI slab.41
When taking into account the Zeeman effect introduced by
the ferromagnetic order (with polarization along z direction),
as we shall consider later on, we further add in an extra term,
HM = Mzσz for Hl with σz acting on the spin space.
The parameter specific model for TlBi(S1−δSeδ)2 in the
trivial side is close to the Z2 phase transition critical points.
We have m = 0.0625 eV−1A˚−2; md = −0.04 eV−1A˚−2;
d = −0.22 eV, v = 2.5 eV·A˚; tz = 0.2 eV.42 By increasing
tz , we can obtain a nontrivial Z2 topological insulator phase.
This model has been used to describe the topological phase
transition in TlBi(S1−δSeδ)2 and delivered the spin-polarized
surface related states both in the trivial and the nontrivial re-
gion in good agreement with recent spin- and angle-resolved
photoemission measurements.42 The Hall conductivity in unit
of e
2
h is calculated based on Kubo formalism
21,43 which is an
3integration of the Berry phase of Bloch wave function. The
Hall conductivity is thus:
σxy = e
2~
∑
m,n,k
Im[〈nk|Vx|mk〉〈mk|Vy|nk〉]
(Enk − Emk)2 .
(nf (Enk)− nf (Emk)), (4)
where m,n are band indices, Vx,y are velocity operators,
and nf (Enk) stands for Fermi-Dirac distribution function at
eigen-energy Enk.
III. TOPOLOGICAL PHASE TRANSITION: FROM
TRIVIAL TO NON-TRIVIAL INSULATORS
It would be helpful to begin with a warm-up example
to demonstrate how the effective model can be driven into
non-trivial Z2 insulators by tuning the parameter tz which
is related to the lattice constants and the size of atomic or-
bitals in general. For concreteness, we adapt the parame-
ters mentioned above which are fitted to band structures of
BiTl(S1−δSeδ)238,42. However, it is worth mentioning that this
model is also applicable for the other Bi2X3 compounds.41
The typical energy spectra around Γ point for Z2 trivial and
non-trivial thin films are shown in Figs. 1(a) and 1(b), respec-
tively. Without breaking both TRS and IS, each band in the
spectra is obviously spin degenerated and thus has a zero ex-
pectation value for the net spin polarization. By defining Eg
as the energy gap between the lowest conduction band and the
highest valence band at Γ point in the thin film, and ∆i as the
gap between ith lowest conduction band and i + 1th lowest
one, on the trivial insulator side, we find that Eg is typically
larger than ∆i, while among ∆i they are comparable, as a
result of all quantum well states.
The aforementioned feature can be changed via chemical
(Se) doping, or effectively, increase the tunnelling energy tz .
Close to a “critical” value of tz (called tzc, at which the 3D
bulk band gap closes, independent of the thickness of the thin
films), Eg becomes comparable to ∆1 and turns into a smaller
value rapidly after passing tzc, as can be seen in Figs. 1(b)
and 1(c). This crossover phenomenon between the values of
Eg and ∆1 marks a topological phase transition (TPT): From
a thin film of trivial insulator to a thin film of a Z2 topological
insulator. The latter phase is sharply identified by the presence
of the surface states, a consequence of the band inversion, with
Dirac-like energy dispersion [see the band labeled by “0” and
“0′” in Fig. 1(b)]. Note that the surface states are distinct from
the usual quantum well (bulk) states, because their wave func-
tions would be almost localized at either the top or the bottom
layer, as compared in Fig. 1(e) by showing wave function dis-
tribution |Φ|2 as a function of the layer index l.
There are a few things in the TI regime worth mentioning
here. Firstly, when tz > tzc, it is understood that the massive-
ness of the Dirac spectrum for the surface states is due to the
tunneling barrier (or inevitable wave function overlapping be-
tween boundaries), that is, with a relatively small tz (but still
> tzc), in thin films. Secondly, similar to the usual case for
growing Bi2Se3 thin films44, the Dirac mass can be reduced to
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FIG. 2: (Color online) The left panel (a) schematically shows our
proposed scenario to achieve the field-tunable QAH effect: Let lay-
ered TlBi(S1−δSeδ)2 thin film with ferromagnetic order be grown on
a substrate, which provides an electric potential along z direction.
The right panel, (b) and (c), shows schematic band structures, spin-
texture (“skyrmion”-like), and band-inversion with suitable band la-
bels for C = 1 and C = 2 QAH phases, respectively, at tz < tzc.
zero by increasing the number of layers Nl to a tz-dependent
threshold valueNlc. For instance, as tz approaches to tzc from
above, the energy gap is closed only when Nlc goes to infinity
in the true 3D limit [see Fig. 1(d)]. Finally, it is quite impor-
tant to notice that typically Eg < ∆2 < ∆1 for TIs, while
near tz ∼ tzc even on the trivial insulating side, these energy
scales are all comparable with each other. This is the key ob-
servation of our proposed scenario for realizing QAH effect
with field-tunable Chern number, as we will explain below.
IV. QAH EFFECT FROM TRIVIAL INSULATING THIN
FILMS
In this section, we demonstrate how the QAHE with field-
tunable Chern number can be achieved theoretically through
our scenario. As shown schematically in Fig. 2(a), the
TlBi(S1−δSeδ)2 thin film, growing on a substrate, on the triv-
ial insulating side with tz ∼ tzc (doping-tunable) is taken to
be our prototype sample. During the process toward QAH
effect, we also assume that certain magnetic dopant can be
distributed homogeneously over the whole sample and are
ferromagnetically ordered to provide the necessary exchange
field. In the presence of the exchange field, the core concept
to exhibit QAH effect is simply from the band inversion phe-
nomenon occurred between pairs of the conduction and va-
lence bands with different spin polarizations. Figs. 2(b) and
2(c) schematically show one pair of the bands inverted (thus
with Chern numberC = 1) and two pairs inverted (with Chern
number C = 2), respectively. After band inversion, each band
forms a skyrmion-like spin texture around Γ point in momen-
tum space, leading to non-vanishing Chern number. In ad-
dition, in order to achieve the QAH phase with even higher
Chern number, more pairs of the band inversions are needed.
According to the comparison among various energy scales in
the previous section, with a given strength of the exchange
field Mz , our focus on the trivial side near tzc would more
likely arrive at a phase with high C.
4A. Exchange field tunable QAH effect
We now show the band structure evolution around Γ point
as a function of Mz for a TlBi(S1−δSeδ)2 thin film with Nl =
6 in Fig. 3.45 Fermi level EF is always set at zero energy and
the labels i = 1, 2 (i = 1′, 2′) denote the i th lowest (highest)
conduction (valence) bands, in the absence of Mz , with spin-
up and spin-down shown in different colors.
Starting withMz = 0, each band is spin-degenerate and the
system is in the C = 0 (trivial) phase. Increasing Mz causes
spin splitting, which shifts the bands with spin-up and spin-
down polarizations in opposite directions with respect to EF ,
and hence reduces Eg [Fig. 3(b)]. As Mz reaches Mc1, the
energy gap is closing with vanishing out-of-plane spin mo-
ment at the touching point [Fig. 3(c)]. Further increasing Mz
reopens the gap again, forms skyrmion-like spin texture, and
indicates a topological phase transition due to band inversion
from C = 0 trivial phase to C = 1 QAH effect [Fig. 3(d)].
We note that now the band labeled “1” and “1′” are switched.
AsMz = Mx1, the band “2” (“2′”) meets with “1′” (“1”) [Fig.
3(e)] and the band “2” with spin-down and “2′” with spin-up
become prominent near EF if Mz continues increasing until
Mz = Mc2 [Fig. 3(f)]. At Mz = Mc2, the gap is closing
[Fig. 3(g)] and implies a second TPT, which adds the Chern
number by one and hence C = 2 after the gap-reopening as
Mz > Mc2 [Fig. 3(h)]. The fashion shown here is in fact quite
similar to some previous proposals for getting the QAH effect
with high Chern number in the TI thin film regime33,34,37.
B. Toward higher Chern number
The model simulation and discussion in the previous sub-
section give us a clear physical picture of our mechanism to
obtain high Chern number. Given sufficiently large exchange
field, the band gap can close and reopen multiple times due
to the presence of relatively intensive 2D subbands (quan-
tum well states), which is a consequence of a trivial insulating
sample with (nearly) critical Se-doping.
This mechanism is completely based on the “twist” of the
spin-polarized bulk states in the quasi-2D system. Thus, it
is distinctive from the original proposal, where the QAH ef-
fect is achieved by gapping out the surface Dirac cones in 3D
TIs18,46. To see this, we first present energy spectrum around
Γ point and the corresponding spin texture for C = 2 QAH
state with Nl = 20, i.e., in the thick film limit [see Fig.
4(a)]. The initially lowest, spin-down polarized conduction
band now becomes the third highest valence band, indicating
that the spin-polarized bands inverted twice. To explain the
underlying physics, from the wave function distribution as a
function of l in Fig. 4(b), the first three lowest conduction
bands all have bulk nature. Similar properties are also found
for the other bands. Such a feature results in a subtle but im-
portant difference from previous studies33,34, because in our
case no surface bands are involved in the whole process. As
we will consider later, this might affect the real experiments
in which each sample is usually grown on certain substrate.
To invert more spin-polarized bulk bands, our mechanism
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FIG. 3: (Color online) Evolution of the sub-band structure at tz =
0.2 eV and Nl = 6 around Γ point upon increasing exchange field
Mz . The band labels are used as usual. Additionally, the color
dressing in each band represents the momentum-dependent, out-of-
the-plane spin polarization with arrows indicating the main spin-
polarized component. (a) Mz = 0; (b) 0 < Mz < Mc1 before
first topological phase transition (TPT); (c) Mz = Mc1, where the
gap closes at the first time; (d) Mc1 < Mz < Mx1 in the QAH
phase with C = 1; (e) Mz = Mx1, where two lowest conduction
bands meet; (f) Mx1 < Mz < Mc2 and the system approaches
second band inversion; (g) Mz = Mc2 at another critical point; (f)
Mz > Mc2, where the second TPT occurs, and the system enters
QAH state with C = 2.
suggests at least two ways: 1) Apply large exchange field on
the sample, and 2) increase the thickness of the sample. In
Figs. 4(c) and 4(d), we explicitly calculate the band gap and
the Hall conductivity as a function of Mz , respectively. The
gap closes and reopens multiple times with the presence of
the corresponding quantized plateaus in σxy , indicating a rich
phase diagram of the QAH system. The Chern number in-
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wave function distributions of the three lowest conduction bands at
the Γ point as a function of layer index l. (c) and (d) show the band
gap evolution and the quantized Hall conductivity, respectively, as a
function of Mz for the given Nl = 4, 5, 6 cases. All plots here use
tz = 0.2 eV.
creases in one integer step when Mz increases, a similar trend
compared with the usual quantum Hall system. In addition,
in the same figures by using different colors we also present
both quantities with different number of layers. Clearly, for a
thicker film with a given Mz , it is more likely to end up with
a higher Chern number insulator due to the shrinking of ∆i,
which is inversely proportional to Nl.
From recent experiments in magnetic topological insula-
tors such as Cr or Fe doped (Bi, Sb)2Te3, people observed
that these magnetic dopants can be ferromagnetically ordered
at temperature of order 100 K.47–50 The corresponding effec-
tive exchange field strength Mz can be estimated as large
as 0.2 eV with 10% doping19,34 and thus strongly indicates
the feasibility of our scenario. To roughly estimate what
the largest Chern number could be achieved, one can sim-
ply count how many quantum well states (subbands), labeled
x, are able to be inverted by applying Mz . By noticing
that Eg ∼ ∆i ∼ 0.035 eV in Fig. 1(c) with Nl = 20,
the number can be estimated through the following formula,
x = [(Mz − 0.0175)/0.035 + 1], where [· · · ] denotes a floor
function. Inserting the value of Mz ≈ 0.2 into the formula
yields x = 6, i.e., the largest C = 6 in this case. In addition,
the energy range for this QAH phase to be stable could be as
large as 0.035 eV, above room temperature.
0
0 0.1
0 0.1-0.1 0.1-0.1
E
n
er
g
y
 (
eV
)
0
0.1
-0.1
0.1
-0.1
0
kx (Å
-1)
Mz (eV)
a)
e)
0
0.07
B
an
d
g
ap
 (
eV
)
f)
kx (Å
-1)
Ez (eV)
0 0.04 0.07
0
0.01
Mz
25 meV
55 meV
+
-
b)
c) d)
Mz=0 Mz<Mc
Mz>McMz=Mc
Ez =0.0 eV
Ez =-0.03 eV
Ez =-0.04 eV
Ez =-0.05 eV
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turns to the C = 1 QAH phase. The degree of out-of-the-plane spin
polarization is denoted by color. (e) The non-linear band gap evolu-
tion as a function of Mz with various electric field strength. Chern
number C (starting from 0) is added by one each time when the gap
closes. The arrows shown here are the chosen exchange field strength
to be compared in (f). (f) Electric field tunable QAH phases for two
given exchange field strength. The gap closing points separate the
C = 0 and C = 1 phases (blue curve), and the C = 1 and C = 2
phases (green curve), respectively.
C. Electric field tunable QAHE
One of the practical issues, based on the mechanism we
have mentioned above, is the presence of certain substrates
when preparing the thin films epitaxially in the experiments. It
is equivalent to the presence of an effective electric field ‘Ez’
along z direction and this leads to a broken z → −z reflection
symmetry for the thin films. Hence, we study systematically
the effect of the electric field by adding a given linear potential
term along z direction, with potentials ∓Ez on the top and
bottom surfaces of the sample, respectively, in Eq.(2) under
various applied Mz . Note that the dispersion relation does not
change if Ez changes sign.
We first consider the evolution of the energy spectrum near
Γ point as a function of Mz with Ez = −0.05 eV, as shown
in Figs. 5(a)-(d). In the absence of any exchange field, the
electric field simply introduces Rashba type interactions into
6the system and consequently each spin-degenerate band now
splits with the originally band minimum shifted away from Γ
point, while the spin degeneracy still keeps intact at Γ point
[see Fig. 5(a)]44. Assuming Nl = 2N , it is worth noting
that the wave function distribution of these lowest (highest)
conduction (valence) bands around Γ point is mainly from the
contributions ofN th andN+1th layers in the middle. This is
in sharp contrast with the usual TI thin films (i.e., tz > tzc) ,
in which the lowest conduction (highest valence) band has the
largest weight from the top and the bottom layers.
Upon turning on the exchange field, as one can see in Fig.
5(b), all the spin-degenerate points of Rashba-like bands at Γ
point open up gaps and the band gap of the system reduces to
zero as Mz reaches to a critical value Mc [see Fig. 5(c)]. Fur-
ther increasing Mz results in a spin-polarized band inversion
and reopens the band gap, leading again to the QAH phase
[see Fig. 5(d)]. It is interesting to notice a few subtle differ-
ences from the case without Ez: 1) When Mz = 0 the band
gap is smaller due to the shift of the conduction band mini-
mum; 2) at Mz = Mc, the energy dispersion is non-linear and
the spin texture around Γ point is relatively simple. Impor-
tantly, the above observations show that the critical exchange
field strength is lowered and one can possibly achieve QAHE
with high Chern number by tuning the electric field, as we
explain next.
Fig. 5(e) illustrates the band gap evolution as a function of
Mz with a given electric fieldEz in anNl = 20 thin film. The
band gap repeatedly closes and reopens, indicating that the
system undergoes topological phase transitions several times
up to the QAH phase with high Chern number (C = 3 in our
plot). Significantly, after considering several different values
of Ez , we find that the critical exchange energies to achieve
C = 1 and C = 2 phases, respectively, are less than the
cases in the absence of the electric potential. To examine it
more carefully, we take two representative initial phases in our
system at Ez = 0, as indicated by the arrows shown in Fig.
5(e): 1) a trivial C = 0 phase with fixed Mz=0.025 eV and
2) a C = 1 QAH phase with fixed Mz=0.055 eV. Purposely,
they are chosen just prior to QAH phases with C = 1 and
C = 2 separately. We then compute the corresponding band
gap as a function of Ez for each of them. As one can see in
Fig. 5(f), it is feasible to apply an external electric field to
drive our focused system, namely, TlBi(S1−δSeδ)2 thin film
from an originally Chern number C QAH phase to another
QAH phase with Chern number C + 1. However, we would
like to point out that this tuning approach is efficient to obtain
QAH phase up to C = 2. For getting higher Chern numbers,
it might become unstable because several sub-bands would
come into play around EF and the system may not maintain
its insulating nature during the process.
V. CONCLUSION
In summary, we have presented our scenario to achieve
QAH effect with field-tunable Chern number via a model
study. Remarkably, the model can describe topological phase
transition from a Z2 trivial to an non-trivial insulating thin film
for realistic materials such as TlBi(S1−δSeδ)2. By showing
the band-structure evolution, spin-texture, and hence the spin-
polarized band inversion, we clearly demonstrate the feasibil-
ity of our approach to tune the Chern numbers of the QAH
phases through changing either the exchange field strength
or the electric field strength in topologically trivial thin films
near the Z2 critical point (to TI phase). In particular, we stress
that the necessary exchange field strength to exhibit high-
Chern number QAH effect can be reduced further when push-
ing the system closer to the critical point and combining with
the benefit from the substrate. Therefore, we hope that this
paper could stimulate experimental works along this direction
in the near future.
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